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Abstract

The primary objective of the present paper is to analyze the influence of interface stress on the elastic field within a
nano-scale inclusion. Special attention is focused on the case of non-hydrostatic eigenstrain. From the viewpoint of prac-
ticality, it is assumed that the inclusion is spherically shaped and embedded into an infinite solid, within which an axisym-
metric eigenstrain is prescribed. Following Goodier’s work, the elastic fields inside and outside the inclusion are obtained
analytically. It is found that the presence of interface stress leads to conclusion that the elastic field in the inclusion is not
only dependent on inclusion size but also on non-uniformity. The result is in strong contrast to Eshelby’s solution based on
classical elasticity, and it is helpful in the understanding of relevant physical phenomena in nano-structured solids.
© 2005 Elsevier Ltd. All rights reserved.
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1. Introduction

Analysis of elastic stress in an inclusion or an inhomogeneity is a classical problem in solid mechanics and
physics (Mura, 1987). The famous work by Eshelby (1957) indicates that the resulting elastic field inside an
ellipsoid inclusion with a uniform eigenstrain embedded into an infinite solid is still uniform. Such an elegant
result provides a sound basis to micromechanics of materials. Recently, the problem of elastic inclusions has
drawn renewed interest due to the rapid development of nanotechnology. An important example is the estima-
tion of stresses due to lattice mismatch in buried quantum dots which can be used to tailor band-gap structures
of the dots so as to improve the performance of the relevant photoelectronic devices (Bimberg et al., 1999). Typ-
ically, the size of a quantum dot is well below 100 nm. An unusual feature in this case is that the elastic field in
the small inclusion is significantly influenced by the interface stress. Indeed, interface is effectively an idealiza-
tion of the special region with small thickness between two phases in an inhomogeneous solid. For inclusions
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of large size, the effect of interface stress can be ignored, as in the case studied by Eshelby (1957); for inclusions
of small size, such as quantum dots, the effect of interface stress may be quite remarkable because of the in-
creased contribution to the total energy from the interface. The same conclusion applies equally for the effect
of surface stress in nano-scale solids as well. Evidence in both experiments (Wong et al., 1997; Rose et al.,
2000) and theory (Sun and Zhang, 2003; Zhou and Huang, 2004) exist which reveal that the deformation
behavior of elastic elements with nano-scale characteristic dimension is essentially size dependent.

A generic and mathematical exposition on surface/interface elasticity has been presented by Gurtin and his
co-workers (Gurtin and Murdoch, 1975; Gurtin et al., 1998). In their work, a surface/interface is regarded as a
negligibly thin object adhering to the bulk without slipping. The material constants of the surface/interface are
different from the bulk materials. The equilibrium and constitutive equations of the bulk solid are the same as
those in the classical elasticity, but the presence of surface/interface stress gives rise to a non-classical bound-
ary condition. Utilizing this model, Miller and Shenoy (2000) examined unidirectional tension and pure bend-
ing of nano-scale bars and plates. The results are in excellent agreement with their atomistic simulation by
embedded atom method for face-centered cubic aluminum and the Stillinger—Weber model for silicon. They
thus concluded that the size-dependent deformation of elastic elements with nano-scale dimensions can be re-
ferred to the effect of surface/interface stresses. Recently, a general model for ultrathin elastic films with nano-
scale thickness was developed by He et al. (2004) rigorously from three-dimensional elasticity coupled with the
surface model proposed by Gurtin and Murdoch (1975). As to nano-scale inclusions, Sharma and his co-
workers (Sharma and Ganti, 2002; Sharma et al., 2003) provided analytical expressions for the size-dependent
strain states caused by nano-inhomogeneities (including spherical quantum dots and pores), showing that sur-
face/interface stress can significantly alter the fundamental nature of stress state at nanometer length scales.
Moreover, Sharma and Ganti (2004) presented a general formulation for size-dependent Eshelby’s tensor
for embedded nano-inclusions by taking account of surface/interface energies, and found that only inclusions
that are of a constant curvature admit a uniform elastic state. In their papers, however, explicit results are
presented only for equiaxial stress case. Yang (2004) attempted to examine the effect of the surface energy
(independent of deformation) on the effective modulus of an elastic composite material containing spherical
nano-cavities and found the effective shear modulus and bulk modulus are not only size dependent but also
strain dependent. As pointed out by Sun et al. (2004), a constant surface stress independent of the elastic strain
should have no influence on the effective shear modulus. The main result in Yang (2004) should be
reexamined.

The purpose of this paper is to examine the effect of interface effect on the elastic state of spherical inclusion
with uniform, non-hydrostatic axisymmetric eigenstrains. Following the work of Goodier (1933), an analytical
solution is obtained for the elastic state of spherical inclusion coupled with interface effect. The result indicates
that the presence of interface stress leads to size dependence of the elastic field, and in addition, to non-uni-
formity of the stress and strain inside the inclusion even though the inclusion is of a constant curvature. This
conclusion is in strong contrast with that predicted by the classical elasticity theory, and it can be regarded as
complementary to the analysis of Sharma and Ganti’s work (2004).

2. Formulation of the problem

In the framework of continuum model, the interface region of a body can be modeled as a material surface
adhering to the body without slipping. The infinitesimal deformation in the interior of an elastically isotropic
body is described by the common equations (Mura, 1987) as

V-6=0,
6 =2u(e —¢*) + Aftr(e — &)1, (1)
£ = % [Vu + (Vu)T} ,

where V is the gradient operator, o, € and u denote, respectively, stress, strain and displacement, £* is eigen-
strain, A and u are Lamé constants, and I the unity tensor. The interface has its own elastic properties and is
characterized by (Gurtin and Murdoch, 1975):
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Vz -X=o0- n,
X = ’L'()IZ —+ 2(#0 — To)IzE + ()LO + ‘C())(U'E)IZ + ‘Cov;ll, (2)

E= % [Du + (Du)T} ,

in which X and E are interface stress and interface strain, 7, is interfacial tension, n is the outward unit vector
normal to the interface, 4y and g are interfacial Lamé constants, Iy and Vy are unity tensor and gradient oper-
ator, respectively, defined on the interface, and Du = (I — n ® n) - Vzu where ® denotes tensor product. Note
that the last term in the second equation in Eq. (2), 7oV su, is often omitted in some published studies (Sharma
and Ganti, 2002; Sharma et al., 2003).

The problem considered in this paper is a spherical inclusion of radius R embedded in an infinite elastic body,
as shown in Fig. 1. An axisymmetric eigenstrain €* = ¢},e; ® e; + &],€; ® €, + £};€3 @ e; is given in the inclusion,
where e, e, and e; are, respectively, the base vectors along the x;, x> and x5 directions. It is convenient to carry
out the analysis in spherical coordinates (r—0—¢) with the origin at the center of the inclusion. For simplicity,
both the matrix and inclusion are assumed elastically isotropic with the same elastic modulus. Since the defor-
mation is axisymmetric about the xs-axis, the displacements will be confined to meridian planes, having a com-
ponent u, along the radius r, and a component u, in the direction of increasing 6 . Within and outside the sphere,
the displacement, u = u,e, + ugey, satisfies the following Navier’s equation (with no body forces):

(1+A)V(V-u) + Vu=0, (3)
with 4 = 2/ and V = e,(0/0r) + e((0/rd0), where e,, e, and e, are base vectors along the respect coordinates.

The general formulas for the non-zero strains are

_ Ou, 1 Ou, Oupy uy 1 Ouy 1
8—§er®e,~+( 0o r>e,-®e9+<—@+ )ee®ee+;(ur+uecot0)ew®e¢,. (4)

According to Hooke’s law, the corresponding non-zero stress is

= W) e, e, + L 2 20 _10)o o
=H or r r u 7 00 or ” 0

2 Ou
+,u[AV-u+ (u,+ugcot9)]e¢®eq,+u{/lv u+ - (600 )]e(;@eg. (5)

This stress field must fulfills

1 [oX,
[o,]e. @ e + [o,0]e, @ eg = —— { 660 — (Epp +Zo) + Zygcot 0} e Qe,
1 [oX
—— [6900 + 20— (Zgp — Zao) cot 0} e ey (6)

A X3

Fig. 1. Spherical inclusion with uniform axisymmetric eigenstrain embedded in an infinite matrix.
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atr = R, where [¢;] = ay{RﬂL) — 0;{R") denotes the jump of the stress at the interface. Here the interface stress
tensor is written as

1 Ou,
z—fo(” u0>er®eﬁ+{fo+[(/lo-i-#o)'f‘TO]

1 Quy
2730 R (io+ro)§cot0+(10+2,u0)R 60}e9®e9

R

1 Quy
+ {TO + [2(;0 + uo) + TQ] (}0 + 2,[10) R COtQ + ()»0 + TQ)R 20 } X (" (7)

R

3. Solution of the problem

The solution to Eq. (3) can be expressed in terms of two types of spherical solid harmonical functions (Goo-
dier, 1933; Love, 1944) ¢, w,, as

0 10¢ dw,
l:al" ( or rwn):|er+ (_@‘F 66>e05 (8)
with
V¢ =0, Viw,=0, ©)
where the value of «, is given by
1+ nAa
Oy = — ntltn (10)

n+5+(n+3)4°

The general axisymmetric solution of Eq. (9) is of the form
00 Cn
=%, (b + =5) Palcos 0), (11)

where P,(cos0) is the Legendre polynomial, with Py(x) = 1, P1(x) = x and P»(x) = (3x°—1)/2, etc. For the re-
gion outside the inclusion, ¢ and w, can take the following special forms

co A 12
=L+ 2Pacos), w3 =2P(cos) (12)

and within the inclusion, ¢ and w, are of the form
d) = b2V2P2(COS 0)7 Wy = blzl"zpz(COS 0), Wy = b() (13)

in which by, by, b)), ¢o, ¢ and ¢, are constants to be determined.
The continuity condition for displacements together with the equilibrium condition (6) at r = R yield six
independent equations which demand
€o & £ ok C/2 K
'Y = &o&’ +/COHR B CE F:(fz& ) 14)

bo = noe" + Xllu_R’ by =&’ blsz =1,

where &, &1, &, 10, N1, 112, Yo and y; are dimensionless constants depending not only on the bulk and interface
material properties of the elastic body but also on the radius of inclusion. The explicit expressions of these
constants are given in Appendix. Therefore, invoking the results in Eqs. (12)—(14), the displacement field of
the infinite elastic matrix is obtained as

ZoTo (R\’ . . R\’ 3. (R 5434, (R\’
w=-22(0) "{“5‘”“8“)50(?)*‘“3 “““ﬂié'(?) =7 o

’¢, (R)s_wgz( )] c0s 20, (15)

3. (R\" 3, (R\’
2él<r) +2fz(r>

- ’”(%3 811)

sin 20
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and the relevant strain and stress fields read

25070 (R’ . . R\ ,, . R\’ 5434, (R\’
- 0 ot o) s () 2%}
5 3
9, (5) _3(5+3A)§2(1_e>
r 2 r
R\’ . . R\’ ,. .13, /R’ 5+34, (R\’
e () {is () vt () -]

+ (&5 — ¢})) cos 20,

(21, /R 3494 (R
= (&5 — &) lz@(;) i fz(;) ) (16)
3 3 5 3
ZoTo (R . .\, (R .19, /R’ 1-34_ (R
=42 (5) ‘{“”“W(?) ) [151 () () }
. 15, (R 91 +4), (RY
—(st—gll)lzfl(;) —sz<;> :
. R\’ 3(2+34), (R’
Ep = (833—81])[1261 <7) —42 52 <;>
and
4,70 (R’ R\’ . R\’ 10494, (R\’
Urr%(;) +ﬂ{4(8§3+28T1)fo<;> +(8§3811)[651<;) i 52(;)
. R\’ 3(10494), (R’
+ u(es; — &) llel (7) - 62(;) cos 20,
27070 (R’ L (R . 3L (R 5. (R
Ogp = — 13()(;) —ﬂ{2(833+2811)50<;> +(e3 — &) l§€1(7> _562<;>
. 21, (R 3. (R’
—ﬂ(833—811) ?él ; —552 ; COSZH, (17)
2570 (R\’ L (R L e R 1, RY
Tpp = _T?()(;) _,“{2(833"’2311)50(7) +(ex — 1) lifl (7) +§§2(7)
. 15, (R 9. (R’
_'[,[(832 —811) [751 <7) —562 <;> ‘|005207
L R\’ 3(2+34), (R’
0,0 = H(SB — 811) llZfl (7) — ng (;) sm29,
respectively.
Similarly, the displacement field in the inclusion is given as follows:
B 20t T 2(e3y + 2¢7)) . 1 34 r\2
T T UG+ 3A R r{_ s1aa Mt () 5’71+2(7+5A)”2(§)
3 94 2
Kk - s . 18
+”(833 811) {2’71 +2(7—|—5/1)112(R) }00529, (18)

3 3 2| .
ug = —r(ey; — &) {5”1 +§”2(£) } sin 20
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and the strain and stress fields are
_ 2 o 2(%3 + 25’161) * m 94n, r\?
" T 7534 uR { ey G Y7154 (E)
y 3 2740, \2
+ (833 — 811) |:§7]1 *m <]—e) :| COSZQ,

- 2 X170 2(333"‘2871) " 1 34mn, 72
0= TS734 iR { s34 (e e 2+2(7+5A)<E>

. N 72+ A, 72
— (&35 — &) [5771 +—2(7 — 5/1)2 (E) ] cos 26, (19)
_ 2 71‘50 2(8§3 + 28Tl) * * 3(7 + 4/1)’72 r\?2
0 = T5134 R { 5134 Mt(EE) it SE (%

\ 3(7+24)n,
— (& —€) 20 154) (R) cos 20,

. . 3(7+ 84 2| .
6o = — (g5 — €})) [3171 —% (1_?) ] sin 20

and
2(243A) 70

o= "sranr M) AR+ 2]
22434), . .. . 34, (r\?
- H{ﬁ (35 4 2e1)m0 — (83 — €1)) [’71 N m (72) ] }
o A, (ry?
- .“(833 - 311) {1 —3m + 2(7+54) (R) } cos 20,
2124 3A) 7 . ‘ . *
690(54-3/1))10 ul (e +&y) + A(e5 + 241,
(2 +34) . 1540, (ry?
H{ Ny (&35 4 2e1)m0 — (83 — €1)) {’71 _2(7+52/1) (ﬁ) ]}
(20)
21(4 +54)n, (1\?
+ p(es — 311){ ”l_m(ﬁ) }00526’
2 24 3A4)y7
Opp = (5-}-3/1))10 [28]1 +A(833 +2811)]
22434) ., .. C 3(14+ 154)n, (72
_ H{75 i (35 4 2e1 )0 + (835 — €1)) [2’71 +W5/1)2 (§>

3(144+254) , . .\ (r\2
- Hm (3 — &) (ﬁ) cos 20,

. . 3(7+ 8A)n, r\2] .
0,9 = /1(833 — 8“) |:1 — 37]1 —W‘M)z (E) :| Sln207

respectively. It is obvious that the above solution contains the intrinsic length parameters to/p, to/u, and Ao/,
and hence, is size dependent. Also, the strain and the stress inside the inclusion is non-uniform in the sense that
it is dependent on (r/R)>. This result cannot be predicted by the classical elasticity theory.

4. Numerical results and discussion

Apparently, the size dependent nature of elastic field in the inclusion is a result of the strain dependent
interface stress, as described in Eq. (2). Indeed, if the interface stress is ignored, i.e., 7o — 0, ug— 0,
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Ao — 0, the results in Egs. (18)—(20) will be scaling-invariant. Then, the corresponding r- and 6-components of
the displacement, denoted by u°, u), in the inclusion will be

o 2044, 4494

u, =r & &+ 8434
TS24+ A)F 152+ A4) T 152+ A)
0 8+34

Uy = —(8;3 — STI)Vm sin 20.

(¢35 — €;,) cos 20|,
(21)

This is exactly the same as the prediction of classical theory without interface effect. To illustrate the size
dependence in a quantitative manner, the difference between u,, uy and u°, uj) at the interface will be compared.
For the description of the interface one needs the constants 7, i and 4. Unfortunately, except that interfacial
tension 7, is known experimentally in some embedded Quantum Dot structures (Wang et al., 1999), the other
two interface parameters are currently unavailable in the literature. Miller and Shenoy (2000) have computed
free surface for aluminum and silicon by the embedded atom method (EAM), and indicated that the surface
properties can be either positive or negative, depending upon crystallographic orientation. According to their
results, the absolute values of intrinsic length to/u, o/t Ao/t are nearly 0.1 A, 1.0 A and 1.0 A. Although the
interface and free surface are not strictly the same, they have similar physical nature (free surface can be regard
as some special interface). Since we cannot obtain systematic data of these interface parameters, as a make-
shift, in this paper we assume the relevant parameters are basically of the same orders. For convenience,
we denote & = 10to/p = po/t = Ao/ Fig. 2 shows the relative errors between u, and u° at 6 =0, uy and u)
at 0 = %,orespectively, for various values of inclusion radius, where ¢j, =0, &}, = 0.01, A =1.5 and 6 = 1.0
or —1.0 A are taken. It can be seen that positive value of J causes the interface to shrink while negative value
of d causes the interface to dilate. The phenomenon cannot be predicted by the classical elasticity without con-
sidering the effect of interface stress. This implies that there exists significant local softening or hardening due
to interface effect, as predicted by ab initio calculation (Zhou and Huang, 2004) or continuum model (He
et al., 2004) for a free solid surface. It is obvious that interface stress have a considerable influence on u, than
uy . For both cases, the relative errors increase with the decrease of the inclusion radius, the size dependence
becomes significant only when the inclusion radius is below 10 nm. It should be noted that, with uniform,
hydrostatic eigenstrain, i.e., ¢¥e; ® e; + e¥e; ® e, + ¢*e;Res3, the 0-component of the displacement, uy, inside
the inclusion will disappear, and the r-component u, will be

(24 3A)ue* —219/R

= - . 22
! r3(2+/1),u+(4,uo+4m+210)/R (22)
This differs slightly from the following result given by Sharma et al. (2003)
2+ 3A)ue* — 219/R
yy = p—2F 34" = 20/ (23)

32+ A+ (dpg+440) /R’

in which a term 21(/R is missing in the denominator because the last term in the second equation in Eq. (2) has
been omitted.

Due to the effect of interface, the distributions of strain and stress fields within the inclusion also depend on
the inclusion radius. An important result due to Eshelby (1957), which has played a key role in the microm-
echanics of solids, is that for an ellipsoidal inclusion with uniform eigenstrain embedded into an unbounded
matrix, the resulting strain within it is also uniform. In particular, a spherical inclusion with the uniform eigen-
strain ¢j;e; ® e; will lead to the following uniform strain field

2-34

€11 = éxn = *m&mv

by = 14+94 £, (24)
152+ A4)

ey = €13 = &3 = 0.
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Fig. 2. Relative error of the displacement as a function of inclusion radius: (a) the radial component «, at # = 0 and (b) the # component at

0==z

However, in the present work which incorporates the effect of interface stress, the above strain field inside the
inclusion will be no longer uniform, but depends on r and 0 instead. Numerical results for the distribution of
€33/ €33 inside the inclusion, along the r-direction for 6 = 0 and 0 = 7, are plotted in Fig. 3, where the inclusion
radius R = 5 nm and 15 nm are taken for comparison. It can be seen that the magnitude of &;3/¢}; for positive
o0 is larger than the classical result, while for negative 6 the magnitude is smaller. With decreasing inclusion
radius, the value of ¢33 /¢}, decreases for positive ¢ and increases for negative ¢. Along the r-direction, the value
of &33/¢}; decreases for positive é and increases for negative J, and reaches the minimum and maximum at the
interface (i.e. /R = 1), respectively. A greater variation of &3/}, along the r-direction occurs as the radius of
the inclusion decreases. It is also observed that the value of ¢33 /¢, is almost the same for different 0. All these
facts clearly demonstrate that ¢33 is not only size dependent, but also non-uniform inside the inclusion. On the
other hand, for uniform, hydrostatic eigenstrain, ¢¥e; ® e; + e¢¥e> ® e, + ¢*e3 ® e3, the resulting strain
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Fig. 3. Distribution of strain component ¢, along the r-direction inside the inclusion: (a) 6 =0 and (b) 0 =

0

(2 +3A)pe" — 270/R
32+ A)p+ (4uy + 420 +27)/R

will be still uniform within the inclusion, but it depends on the inclusion radius.

&11 = & = &3 =

5. Conclusion

Incorporating the interface effect, an analytical solution for a spherical inclusion embedded in an infinite ma-
trix with uniform, non-hydrostatic eigenstrain is derived and discussed. The solution concludes that the strain
state of the elastic system is size dependent, differing significantly from the classic result obtained from the clas-
sical linear elasticity. Numerical computation indicates that such a size dependence is quite remarkable when
the radius of the inclusion is below tens of nanometer. Different elastic constants of the interface may cause the
interface to either shrink or dilate, implying that there exists local softening or hardening at the interface of the
inclusion and the matrix. Another important conclusion is that interface stress results in non-uniform elastic
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field inside the spherical inclusion when the eigenstrain is non-hydrostatic even if uniform. These results indi-

cate that interface stress plays a significant role in the elastic behavior of embedded inclusions of nano-scale
size.
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Appendix. Expressions of the dimensionless in Eq. (14)

The dimensionless constants &y, &1, &, 1o, 111, 12, %o and y; in Eq. (14) are defined by

So =Aong, & = Ay + Aan,
& = Ay +Aany,  xo = Aoxys

By By +
=3, m:5%+@ﬁ (A1)
M = P2 y X1 = B )
525+, T 340,
2 C3(1+4)
"T54340 T 84347
) _5(7+84+34%)
2T (8+34)(7+54)
S o 21(1+4)
PTR+34 YT (8434)(7+54)° (A2)
5~ (5F34)2+34) '
0 62+A4)
5 _ 108 +34)
T2+ 4)
5434
Br=5a
884 3A)(T+34) Ay 112(8+34) gy
b= Q+4)7  uR 32+A4) R
8(14+4) 1
32+A4) uR’
ﬁ78®+&®0+$®%+2m—m
2T 3(244) PR
. _410—1—4#0—&—2‘50
N R T (A.3)
>u=%@ 5(1124+334)  4(8 +34)(7+ 54) 2, + 10
R | 32+ 4) 32+ 4) UR
2ptg [35(28 +94)  4(8 + 3A4)(7 + 5A) 2p + 570
UR | 32+ A) 32+ A) LR
270 |5(98 +274)  4(8 +34)(7+ 54) 10

UR

32+4) 32447 MR
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